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Representations of Spacetime Alternatives and Their Classical Limits
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(Dated: November 8, 2018)
Different quantum mechanical operators can correspond to the same classical quantity. Hermitian
operators differing only by operator ordering of the canonical coordinates and momenta at one
moment of time are the most familiar example. Classical spacetime alternatives that extend over
time can also be represented by different quantum operators. For example, operators representing a
particular value of the time average of a dynamical variable can be constructed in two ways: First,
as the projection onto the value of the time averaged Heisenberg picture operator for the dynamical
variable. Second, as the class operator defined by a sum over those histories of the dynamical
variable that have the specified time-averaged value. We show both by explicit example and general
argument that the predictions of these different representations agree in the classical limit and that
sets of histories represented by them decohere in that limit.
PACS numbers: 03.65.-w,04.60-m
I. INTRODUCTION
Usual quantum mechanics predicts the probabilities of
alternatives specified at a moment in time and histories
of such alternatives specified at a sequence of times. A
single particle moving in one dimension provides a fa-
miliar example. The probability p(∆) that the particle’s
position x lies in a range ∆ at a time t is given in the
Heisenberg picture by
p(∆) = ‖P x∆(t)|ψ〉‖2 . (1.1)
Here, P x∆(t) is the projection onto the range ∆ of the
eigenvalues of the operator x a time t, and |ψ〉 is the
particle’s state.
A given classical alternative, for example 2x3p2 (where
p is the momentum), can correspond to several dis-
tinct quantum mechanical alternatives, e.g., x3p2+p2x3,
xp2x2 + x2p2x, xpxpx+ xpxpx. These differ by operator
ordering. Probabilities of suitably coarse grained ranges
of such alternatives approximately agree for states repre-
senting classical situations. This paper explores different
operator representations of a more general type of alter-
native for a single non-relativistic particle — spacetime
alternatives extended over time.
Classical alternatives are not restricted to definite mo-
ments of time. Consider the continuous average of posi-
tion over the range of times between 0 and T , specifically
x ≡ 1
T
∫ T
0
x(t) dt . (1.2)
This is a simple example of a spacetime alternative that
is not at one time, but rather is extended over time.
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The general notion of spacetime alternatives for a sin-
gle particle moving in one dimension is a partition of the
set of paths of the particle into an exhaustive set of mu-
tually exclusive classes. For example, we could partition
the paths into classes defined by whether the values of a
functional, such as Eq. (1.2), fall into one or another of
an exhaustive set of ranges {∆α}, α = 1, 2 .... We could
partition the paths by whether or not they cross a given
spacetime region between two times, etc. Alternatives at
a single moment of time are just a special case of this
more general class.
Spacetime alternatives in the sense of field averages
occur routinely in field theory [1]. Spacetime alternatives
may permit more realistic descriptions of measurements.
No realistic measurement occurs exactly at one moment
in time. Finally, spacetime alternatives may be essential
for a quantum theory of gravity, where there is no definite
notion of spacetime geometry to supply meaning to “at
a moment of time” [2].
How are spacetime alternatives represented in quan-
tum mechanics? The consideration of spacetime alter-
natives in quantum mechanics has a long history. The
discussions in [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] are just
some of the many examples that could be cited. In the
context of non-relativistic quantum mechanics, a compre-
hensive treatment can be given in the sum-over-histories
quantum mechanics of closed systems [8, 9]. The essen-
tial feature used in this paper is the following: If the
paths x(t) between t = 0 and t = T are partitioned
into an exhaustive set of mutually exclusive classes cα,
α = 1, 2 ..., then the operators Cˆα representing the indi-
vidual alternatives in this set of histories are defined in
the Schro¨dinger picture1 by sums over the histories in cα.
1 We use a hat to distinguish the class operator defined by the
path integral (1.3) in the Schro¨dinger picture from the sums of
chains of projections Cα useful the Heisenberg picture. They are
related by Cˆα = exp(−iHT/~)Cα. Both operators give the same
2Specifically these sums have the form
〈x′′|Cˆα|x′〉 ≡
∫
cα
δx exp
(
i
~
S[x(t)]
)
. (1.3)
Here, S[x(t)] is the action functional. The sum is over
all paths x(t) which start at x′ at t = 0, end at x′′ at
t = T , and are in the class cα. As an example, consider
the set of histories defined by whether the time average
x¯ in Eq.(1.2) lies in one or another of an exhaustive set
of exclusive ranges {∆α}, α = 1, 2 · · · . The path integral
that defines the class operator Cˆ∆ for the alternative that
x lies in the particular range ∆ in the the set {∆α} is
over all paths with the above starting and ending values
for which x has a value in ∆. Its probability is
psoh(∆) = ‖Cˆ∆|ψ〉‖2 . (1.4)
The set of probabilities defined by Eq.(1.4) for all ∆ in
the set {∆α} are generally not consistent with the rules
of probability theory unless a decoherence condition is
satisfied [8, 9]. For instance, the probability for x¯ to lie in
a range ∆ and the probability to lie in the complementary
range ∆¯ would not generally sum to one. An example of
a condition which ensures that such relations are satisfied
is the medium decoherence condition.
〈ψ|Cˆ†∆Cˆ∆′ |ψ〉 ≈ 0, ∆ 6= ∆′. (1.5)
When this is satisfied for all set pairs ∆ 6= ∆′ drawn from
the {∆α} the set of histories is said to decohere.
The time average x also defines a Hermitian operator
in the Heisenberg picture. It is therefore also natural to
think of its probability as being given by
pproj(∆) = ‖P∆|ψ〉‖2 (1.6)
where P∆ is the projection operator onto the eigenstates
of the operator x defined by Eq.(1.2). Decoherence is not
an issue for the alternatives defined by the set projections
onto the ranges {∆α}. The analog of the decoherence
condition Eq.(1.5) is automatically satisfied because pro-
jections onto different ranges are exactly orthogonal:
P∆P∆′ = 0, ∆ 6= ∆′. (1.7)
Eq. (1.6) is the rule usually given for the probabilities
of measurements of fields averaged over spacetime regions
[1]. There are questions as to what such measurements
might mean [11], when their outcomes are accurately pre-
dicted by Eq. (1.6), and how to assign probabilities to
sequences of such measurements[10]. This paper leaves
such interesting issues aside and instead concentrates on
analyzing the mathematical difference between Eq. (1.4)
and Eq. (1.6) in simple models, asking whether their pre-
dictions coincide in the classical limit, and determining
whether or not the alternatives Cˆα decohere in that limit.
probabilities in (1.4).
At the level of operators, it is convenient to compare
Cˆ∆, not with P∆ directly, but rather with the combina-
tion
Pˆ∆ ≡ e−iHT/~P∆ (1.8)
which is not a projection but gives the same probabilities
as Eq. (1.6) and satisfies [cf. Eq.(1.7)]
Pˆ †∆Pˆ∆′ = 0, ∆ 6= ∆′. (1.9)
This comparison is useful because Pˆ∆ and Cˆ∆ coincide
in the limit of large widths of ∆.
In Sections IV and V we calculate the action of Cˆ∆
and Pˆ∆ on simple wave functions for two models where
they can be evaluated explicitly—a non-relativistic free
particle and a non-relativistic harmonic oscillator. We
show that the two operators are quantitatively nearly
the same when acting on states describing classical situ-
ations. Further we show that they coincide in a formal
~ → 0 limit. Section VI gives a general argument why
this is the case, and Section VII shows how sets of such
alternatives decohere in the ~ → 0 limit. We conclude
that Cˆ∆ and Pˆ∆ can be regarded as distinct quantum
mechanical representations of the same classical alterna-
tive.
II. FORMALISM
In this section we will briefly outline how to construct
the quantum operators Cˆ∆ and Pˆ∆ defined in Eqs. (1.3)
and (1.8) that represent the spacetime alternative x ∈ ∆
defined in Eq. (1.2).
The coarse grained history of interest c∆ is the class of
histories x(t) defined as follows
c∆ =
{
x(t)
∣∣∣∣∣x ≡ 1T
∫ T
0
dt x(t) ∈ ∆
}
(2.1)
where ∆ is the subset of the real line of width δ centered
on xc:
∆ = {x|xc − δ/2 ≤ x ≤ xc + δ/2} . (2.2)
That is, the class c∆ consists of all paths that start at x
′
at t = 0 and end at x′′ at t = T , such that the average
value of the path x is in the range ∆. The operator Cˆ∆
is defined by the path integral in Eq. (1.3) over paths in
the class c∆. The operator Pˆ∆ is defined by:
〈x′′|Pˆ∆|x′〉 =〈x′′|e−iHT/~P∆|x′〉
=
∫
∆
dx 〈x′′|e−iHT/~|x〉〈x|x′〉 . (2.3)
How do these two operators differ? Clearly Cˆ∆ and
Pˆ∆ are not equal. Pˆ∆ is proportional to a single pro-
jection operator, while Cˆ∆ is proportional to an infinite
3product of projection operators which in general is not
a projection operator. However, for large δ, Cˆ∆ and Pˆ∆
approach each other. To see this, let us examine how Cˆ∆
and Pˆ∆ are constructed in more detail.
The eigenstates of x form a complete set with delta
function normalization:∫ ∞
−∞
dx |x〉〈x| = I, 〈x|x′〉 = δ(x− x′) . (2.4)
The projection, P∆ is defined by:
P∆ =
∫
∆
dx |x〉〈x| . (2.5)
As δ increases, the integral in Eq. (2.5) is over a larger
and larger portion of the real line defined by Eq. (2.2).
Thus, from Eq. (2.4), as δ approaches infinity, P∆ ap-
proaches unity, and
lim
δ→∞
〈x′′|e−iHT/~P∆|x′〉
= 〈x′′|e−iHT/~|x′〉 ≡ K(x′′, T ;x′, 0) (2.6)
where K(x′′, T ;x′, 0) is the propagator from t = 0 to
t = T .
For 〈x′′|Cˆ∆|x′〉 we are integrating over all paths be-
tween x′ at t = 0 and x′′ at t = T , such that x ∈ ∆.
Thus, as δ approaches infinity, the class of paths being
integrated over becomes less and less restricted, and
lim
δ→∞
∫
c∆
δx eiS[x(t)]/~ =
∫
u
δx eiS[x(t)]/~ = K(x′′, T ;x′, 0)
(2.7)
where the unrestricted functional integral on the right
hand side is over all paths between x′ at t = 0 and x′′ at
t = T . Therefore, in the limit of large δ, we find
〈x′′|Pˆ∆|ψ〉 ≈ 〈x′′|Cˆ∆|ψ〉 . (2.8)
for suitable initial states |ψ〉. The scale of δ above which
this approximate equality holds is set by the spatial ex-
tent of the wave function ψ(x, t) over the time interval
t ∈ (0, T ).
In subsequent sections we evaluate and compare
〈x′′|Pˆ∆|ψ〉 and 〈x′′|Cˆ∆|ψ〉 explicitly using Gaussian ini-
tial wave functions ψ(x) for two simple systems: the one-
dimensional, non-relativistic free particle, and the one-
dimensional, non-relativistic harmonic oscillator.
III. GENERAL POTENTIAL
Consider a one-dimensional quantum system with the
Hamiltonian
H =
p2
2m
+ V (x) . (3.1)
In Section IV we will set V (x) = 0, and in Section V we
will set V (x) = 12mω
2x2, but here we discuss results that
do not depend on these specific forms of H .
In the Heisenberg picture, an operator O evolves in
time according to the equation of motion
i~
dO
dt
= [O, H ] . (3.2)
For p and x, this gives the following coupled evolution
equations
x˙(t) =
p
m
, p˙(t) = −dV (x)
dx
. (3.3)
With a suitable operator ordering prescription, these
equations can be solved for x(t) and p(t) in terms of
p(0) ≡ p0 and x(0) ≡ x0. We then construct x from
the Heisenberg picture operator x(t):
x =
1
T
∫ T
0
dt x(t) . (3.4)
The eigenstates |x〉 of x form a complete set with delta
function normalization, Eq. (2.4). One can construct an
operator representation of the alternative x ∈ ∆ by pro-
jecting onto the eigenvalues of x, as in Eq. (2.5). For the
time period starting at t = 0 and ending at t = T , this
operator has matrix elements in the position basis given
by
〈x′′|Pˆ∆|x′〉 = 〈x′′|e−iHT/~P∆|x′〉 (3.5)
=
∫
∆
dx
∫ ∞
−∞
dy 〈x′′|e−iHT/~|y〉〈y|x〉〈x|x′〉 .
Calculating the class operator Cˆ∆ for the spacetime
alternative x ∈ ∆ is slightly less straightforward. We
begin with Cˆ∆ defined in (1.3). The functional integral
can be rewritten by introducing the top-hat function
e∆(z) =
{
1, z ∈ ∆
0, z 6∈ ∆ (3.6)
and its Fourier transform
e∆(z) =
1√
2π
∫ ∞
−∞
dk eikz e˜∆(k) . (3.7)
Thus we may write Eq. (1.3) as
〈x′′|Cˆ∆|x′〉 ≡
∫
c∆
δx eiS[x(t)]/~
=
∫
u
δx e∆(x[x(t)])e
iS[x(t)]/~ (3.8)
=
1√
2π
∫ ∞
−∞
dk e˜∆(k)
∫
u
δx eiS[x(t)]/~+ikx
where the unrestricted path integral is now over all paths
from x′ at t = 0 to x′′ at t = T and x[x(t)] is the time av-
eraging functional defined by Eq. (3.4). Eq. (3.8) allows
us to define an effective action
Seff [x(t)] = S[x(t)] + ~kx (3.9)
4and an effective Lagrangian
Leff = L+
~
T
kx(t) . (3.10)
We can take this calculation a step further by evaluat-
ing e˜∆(k). Note that e∆(z) =
∫
∆ dy δ(z − y). Thus
e˜∆(k) =
2√
2π
1
k
e−ikxc sin
(
kδ
2
)
and the class operator is thus given by
〈x′′|Cˆ∆|x′〉 = 1
π
∫ ∞
−∞
dk
k
e−ikxc sin
(
kδ
2
)∫
u
δx eiSeff [x(t)]/~ .
(3.11)
We are now prepared to examine these expressions for
specific quantum systems. We discuss the free particle in
Section IV and the harmonic oscillator in Section V.
IV. THE FREE PARTICLE
A. Pˆ∆ and Cˆ∆
We begin by examining the free particle: L = 12mx˙
2.
For this system the Heisenberg equations can be solved:
x(t) = x0 + (p0/m)t and p(t) = p0. Thus,
x = x0 +
p0
2m
T . (4.1)
In the position basis, the eigenstates of x are solutions of
the equation
x〈x|x〉+ T
2m
~
i
d
dx
〈x|x〉 = x〈x|x〉 . (4.2)
Solving this equation and imposing the delta function
normalization, Eq. (2.4), gives:
〈x|x〉 =
√
m
π~T
exp
[
i
~
2m
T
(
xx− x
2
2
)]
. (4.3)
We substitute this expression into Eq.(3.5) along with
the expression for the propagator of the free particle:
〈x′′|e−iHT/~|x′〉 ≡ K(x′′, T ;x′, 0)
=
√
m
2πi~T
exp
[
i
~
m
2T
(x′′ − x′)2
]
.
(4.4)
Integrating Eq. (3.5) over x¯ and y gives:
〈x′′|Pˆ∆|x′〉 = K(x′′, T ;x′, 0)E∆
(
x′′ + x′
2
, λ
)
. (4.5)
where ∆ is the range [xc − δ/2, xc + δ/2] and the length
λ is defined by
λ ≡
(
~T
2m
)1/2
= 2.3× 10−14
(
1g
m
)1/2(
T
1s
)
cm . (4.6)
,
-20 -10 0 10 20 30
x
0
0.2
0.4
0.6
0.8
1
Re ED
,
-20 -10 0 10 20 30
x
0
0.2
0.4
0.6
0.8
1
Im ED
FIG. 1: The real and imaginary parts of the function E∆(z, ℓ)
defined by (4.7). These graphs are for δ/λ = 15. Already at
this value the real part is a reasonable approximation to a
top hat function e∆(z/ℓ) and the imaginary part is small. As
~ approaches zero, the value of λ becomes very small [cf Eq.
(4.6)], the approximation of the real part to a top-hat function
in both the expression Eq. (4.5) for 〈x′′|Pˆ∆|x′〉 and Eq. (4.9)
for 〈x′′|Cˆ∆|x′〉 becomes better and better and the imaginary
part becomes increasingly negligible.
Here, E∆(z, ℓ) is the function on the range ∆ = [a, b]
defined by
E∆(z, ℓ) ≡ 1
2
[
erf
(
z − a√
iℓ
)
− erf
(
z − b√
iℓ
)]
(4.7)
Figure 1 illustrates the function E∆(z, ℓ). Its impor-
tant property for the subsequent discussion is that it ap-
proaches the top-hat function e∆ as the dimensionless
ratio δ/ℓ becomes large. Figure 1 shows that this is not
a bad approximation when that ratio is only 15.
Our next task is to calculate 〈x′′|Cˆ∆|x′〉 according to
Eq. (3.8). For the free particle, the effective Lagrangian
is Eq. (3.10). This is a well known system with a well
known propagator [14]:
∫
u
δx eiSeff [x(t)]/~ =
( m
2πi~T
)1/2
exp
{
i
~
[
m(x′′ − x′)2
2T
+
1
2
(
~k
T
)
T (x′′ + x′)
−
(
~k
T
)2
T 3
24m
]}
. (4.8)
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FIG. 2: Graph of
√
dψ for the free particle where ψ equals
ψ(x′′, 0) (solid line), ψ(x′′, T ) (small dashed line), 〈x′′|Cˆ∆|ψ〉
(large dashed line), and 〈x′′|Pˆ∆|ψ〉 (thick line). For a. and b.,
δ = d. For c. and d., δ = 10d. In all graphs, T = tspread/4.
Substituting this expression into Eq. (3.11) and evaluat-
ing the integral over k yields
〈x′′|Cˆ∆|x′〉 = K(x′′, T ;x′, 0)E∆
(
x′′ + x′
2
,
λ√
3
)
(4.9)
where λ was defined in Eq. (4.6).
Clearly the two operators Eq. (4.5) and Eq. (4.9) have
a similar mathematical structure. Indeed they differ only
by the factor of
√
3 in the argument of the funtion E∆.
However, they are not equal. Examining how Cˆ∆ and
Pˆ∆ act on a known wave function will give us an idea of
how the two operators differ. To that end we examine
〈x′′|Cˆ∆|ψ〉 and 〈x′′|Pˆ∆|ψ〉 where |ψ〉 has a Gaussian wave
function of width d.
ψ(x) =
(
2
πd2
)1/4
exp
(
−x
2
d2
)
(4.10)
With this Gaussian initial wave packet, we might ex-
pect classical behavior for spacetime alternatives when
two conditions are satisfied: (1) The coarse-graining of
position δ is much larger than the quantum uncertainty
in position d specified by the wave packet. (2) The time
T over which the alternative is defined is much smaller
than the wave packet spreading time of order the combi-
nation
tspread ≡ d2m/2~ . (4.11)
These two conditions can be neatly expressed in terms of
the length λ introduced in Eq.(4.6) as
δ
λ
≫ d
λ
≫ 1 . (4.12)
This is also the condition under which E∆ is well approxi-
mated by a top-hat function as discussed earlier. Eq.(4.6)
shows that typical “macroscopic” coarse grainings satisfy
these criteria easily.
Fig. 2 shows the real and imaginary parts of 〈x′′|Cˆ∆|ψ〉
and 〈x′′|Pˆ∆|ψ〉 for two cases, each with T = tspread/4,
but with δ = d in one case and δ = 10d in the other. As
expected, the two quantities are significantly different in
the first case when Eq.(4.12) is not satisfied, and very
close in the second case when it is satisfied. However, as
discussed in Section II, for δ ≫ d, there is surprisingly
good agreement between the time evolved wavefunction
ψ(x′′, T ), 〈x′′|Cˆ∆|ψ〉, and 〈x′′|Pˆ∆|ψ〉, as can be seen in
Fig. (2c-d.).
B. The Classical Limit
We now compare 〈x′′|Cˆ∆|x′〉 and 〈x′′|Pˆ∆|x′〉 in the
classical limit, ~ → 0. Here we are dealing with a fa-
miliar situation in quantum mechanics. We have two
distinct quantum operators, Cˆ∆ and Pˆ∆, each of which
represents the same classical spacetime alternative. It
6is worth exploring whether the two operators represent
exactly the same classical alternative.
For both Cˆ∆ and Pˆ∆, we use the method of stationary
phase to evaluate the expressions in the ~→ 0 limit. Let
us begin with Cˆ∆. Recall,
〈x′′|Cˆ∆|x′〉 =
∫
u
δx e∆(x[x(t)]) e
iS[x(t)]/~ . (4.13)
We may introduce a change in path variable
x(t) = xcl(t) + y(t) (4.14)
where xcl(t) is the classical path. That is, xcl(t) satisfies
the classical equations of motion for the action S with
xcl(0) = x
′ and xcl(T ) = x
′′. Substituting Eq. (4.14)
into Eq. (4.13) above gives:
〈x′′|Cˆ∆|x′〉 ≈
∫
u
δy e∆(x[xcl(t) + y(t)]) e
iS[xcl(t)]/~
× exp
(
i
~
∫ T
0
dt
1
2
my˙2
)
. (4.15)
where we have used L = mx˙2/2 and assumed there is a
unique classical path. In the ~ → 0 limit, the integral
is dominated by the value of the integrand at the saddle
point y = 0. Thus, the top hat function can be pulled
out of the path integral. Noting that the remaining path
integral is the propagator for the free particle with y′ =
y′′ = 0 we find,
〈x′′|Cˆ∆|x′〉 ∼ e∆(xcl)K(x′′, T ;x′, 0) (4.16)
where x¯cl is the time average (1.2) of the classical path
xcl(t). The classical equation of motion is mx¨cl = 0.
Solving this equation with the above boundary conditions
yields a unique classical path:
xcl(t) = (x
′′ − x′) t
T
+ x′ . (4.17)
Thus,
xcl =
x′′ + x′
2
. (4.18)
Substituting this into Eq. (4.16) gives the following
asymptotic form of the class operator for the free par-
ticle as ~→ 0:
〈x′′|Cˆ∆|x′〉 ∼ e∆
(
x′ + x′′
2
)
K(x′′, T ;x′, 0) . (4.19)
We evaluate the expression (3.5) for 〈x′′|Pˆ∆|x′〉 in the
~→ 0 limit by careful application of the stationary phase
approximation [15]
∫ b
a
dt eizh(t)g(t) ∼ e
izh(t0)
√
2π√
z
√
±h′′(t0)
e±pii/4g(t0) (4.20)
as z → ∞ where h′(t0) = 0 for t0 ∈ (a, b), and h′′(t0) 6=
0. We use the plus signs if h′′(t0) > 0, and the minus signs
if h′′(t0) < 0. Substituting Eq. (4.3) and Eq. (4.4) into
Eq. (3.5), and using Eq. (4.20) to evaluate the integrals
over y and x in the ~→ 0 limit yields
〈x′′|Pˆ∆|x′〉 ∼ e∆
(
x′ + x′′
2
)
K(x′′, T ;x′, 0). (4.21)
The same result could be obtained from the observation
made earlier that E∆(z, ℓ) approaches e∆(z) as δ/ℓ be-
comes large.
A comparison of (4.19) and (4.21) shows that the op-
erators Cˆ∆ and Pˆ∆ coincide in the classical limit. Their
classical predictions will be the same.
V. THE HARMONIC OSCILLATOR
The calculation of Pˆ∆ and Cˆ∆ for the harmonic oscil-
lator parallels that of the free particle. We begin with
the harmonic oscillator Hamiltonian:
H =
p2
2m
+
1
2
mω2x2 . (5.1)
Solving the Heisenberg equations for x and p and calcu-
lating x yields
x =
sinωT
ωT
x0 +
1− cosωT
(ωT )2
p0
m
T . (5.2)
Again we find the eigenstates of x, and impose delta func-
tion normalization. In the position basis, |x〉 is given by
〈x|x〉 =
√
m
π~T
ωT/2
|sin (ωT/2)| exp
[
i
~
m
T
(ωT )2
1− cos(ωT )
(
xx− 1
2
sinωT
ωT
x2
)]
. (5.3)
Substituting this expression into Eq. (3.5) along with the
propagator for the harmonic oscillator (cf.[14]), and in-
tegrating over y and x yields:
〈x′′|Pˆ∆|x′〉 = K(x′′, T ;x′, 0)E∆ (xcl, λP) , (5.4)
7where xcl is the average (1.2) of the position along the
classical path given by
xcl =
(
1− cosωT
ωT sinωT
)
(x′ + x′′) . (5.5)
and λP is defined by
λP ≡
[
2~T
m
ωT
sinωT
(
1− cosωT
(ωT )2
)2]1/2
(5.6)
In order to calculate 〈x′′|Cˆ∆|x′〉 for the harmonic os-
cillator, we note that
Leff =
1
2
mx˙2 − 1
2
mω2x2 +
~k
T
x . (5.7)
Again, this system has a known propagator [14]:∫
u
δx eiSeff/~ =
√
mω
2πi~ sinωT
eiSeff,cl/~ (5.8)
where
Seff,cl =
mω
2 sinωT
{
(x′′2 + x′2) cosωT − 2x′x′′
+
2
mω
~k
T
1− cosωT
ω
(x′ + x′′) (5.9)
− 2
m2ω2
(
~k
T
)2 [
1− cosωT
ω2
− T
2ω
sinωT
]}
.
Substituting Eq. (5.8) into Eq. (3.11), and evaluating the
integral over k yields
〈x′′|Cˆ∆|x′〉 = K(x′′, T ;x′, 0)E∆ (xcl, λC) , (5.10)
where
λC ≡
[
4~T
m
ωT
sinωT
(
1− cosωT
(ωT )4
− 1
2
sinωT
(ωT )3
)]1/2
(5.11)
and xcl is defined in Eq. (5.5).
Clearly Cˆ∆ and Pˆ∆ share a similar mathematical struc-
ture. However, they are not equal. Again, we examine
how Cˆ∆ and Pˆ∆ act on a Gaussian wave function. The
comparison parallels that of the free particle in Section
IV. That is, for δ ≈ d, 〈x′′|Cˆ∆|ψ〉 and 〈x′′|Pˆ∆|ψ〉 look
rather different (Fig. (3a-b.)). However, in Fig. (3c-
d.), we see that for δ ≫ d, there is surprisingly good
agreement between 〈x′′|Cˆ∆|ψ〉 and 〈x′′|Pˆ∆|ψ〉. Thus, we
expect the two operators to produce similar results in
classical situations.
We examine the classical limit. The integrals in the
~ → 0 limit can be evaluated using the same techniques
as in Section IV. As in the case of the free particle the
matrix elements of the two operators are equal in the
classical limit:
〈x′′|Cˆ∆|x′〉 ≈ 〈x′′|Pˆ∆|x′〉 ∼ e∆(xcl)K(x′′, T ;x′, 0)
(5.12)
where x¯cl is given by Eq. (5.5). All the relations for
the free particle discussed in the previous section can be
recovered from the zero frequency limit of the relations
for the harmonic oscillator in this section.
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FIG. 3: Graph of
√
dψ for the harmonic oscillator where
ψ equals ψ(x′′, 0) (solid line), ψ(x′′, T ) (small dashed line),
〈x′′|Cˆ∆|ψ〉 (large dashed line), and 〈x′′|Pˆ∆|ψ〉 (thick line).
For a. and b., δ = d. For c. and d., δ = 10d. In all graphs,
T = tspread/4 where tspread is given by Eq. (4.11).
8VI. GENERAL ALTERNATIVES AND
GENERAL POTENTIAL
The preceding sections demonstrate by example the
agreement, in a formal ~ → 0 classical limit, between
probabilities calculated using class operators and Heisen-
berg picture projection operators for ranges of the space-
time alternative x¯. This section sketches a demonstration
of this classical agreement for general spacetime alterna-
tives defined in terms of position and for general Hamil-
tonians of the form Eq. (3.1). Our results are essentially
formal and not rigorous but suggest the underlying mech-
anisms of classical agreement.
We continue with a particle moving in one dimension
described by a Hamiltonian of the form Eq. (3.1). The
alternatives of interest are specified classically by a func-
tional Fcl[x(t)] of the particle path x(t) between t = 0
and t = T . For example, the spacetime alternative that
the position time average x¯ lies in a range ∆ corresponds
to the functional Fcl[x(t)] = e∆(x¯[x(t)]) where x¯[x(t)] is
the functional defined by Eq. (3.4). These are the alter-
natives for which matrix elements of class operators can
be defined by sums-over-histories of the form
〈x′′|Fˆsoh|x′〉 =
∫
u
δx Fcl[x(t)] e
iS[x(t)]/~ (6.1)
where the integration is over all paths x(t) which start at
x′ at t = 0 and end at x′′ at t = T . The sum over histories
Eq. (1.3) is of this form with Fcl[x(t)] = e∆(x¯[x(t)]).
The formal classical limit of path integrals like
Eq. (6.1) is easily calculated. Assuming that Fcl does not
itself depend on ~, the dominant contribution as ~ → 0
comes from classical paths xcl(t) between x
′ at t = 0 and
x′′ at t = T that extremize the action S[x(t)]. Assume
for simplicity that there is only one such classical path
xcl(t, x
′′, x′). Because of the increasingly rapid varying
phase as ~→ 0, the functional Fcl may be taken outside
the integral and evaluated at this xcl(t, x
′′, x′). Thus,
〈x′′|Fˆsoh|x′〉 = Fcl [xcl (t, x′′, x′)] K (x′′, T ; x′, 0)
+ ǫ(x′′, x′) , (6.2)
where K(x′′, T ; x′, 0) is the propagator defined by the
unrestricted, unweighted, sum-over-paths [cf. Eq. (2.7)] .
Here and throughout, by ǫ(x′′, x′) we mean some function
that goes to zero with ~, typically like
√
~.
We now demonstrate the same classical limit for the
matrix elements of
FˆHp ≡ e−iHT/~F (6.3)
where F is a Hermitian Heisenberg picture operator rep-
resenting the classical functional Fcl[x(t)]. Different op-
erator representations can be formed by first using the
classical equations of motion to express Fcl as functions
of the position x0 and momentum p0 at time t = 0.
(Eq. (4.1) is an explicit example for the time average x¯.
) Then, the different Hermitian operator orderings for
this classical expression give different Heisenberg picture
operators F representing the classical functional Fcl. We
expect matrix elements of these to agree in the classical
limit and they will.
Our construction of the classical limit of Eq. (6.3)
relies on extrapolating results from microlocal analysis
[16]. The central element of this formalism is the symbol
Aˇ (X,P ) of an operator A defined by
Aˇ (X,P ) =
∫
dξ e−iPξ/~〈X + ξ/2|A|X − ξ/2〉 , (6.4a)
with the inverse formula
〈x′′|A|x′〉 = 1
2π
∫
dX
∫
dP δ
(
X − x
′′ + x′
2
)
× eiP (x′′−x′)/~ Aˇ (X,P ) . (6.4b)
In the simple case A = |ψ〉〈ψ|, Aˇ (X,P ) is the Wigner
distribution for the state |ψ〉.
Two results from microlocal analysis concerning the
classical limit will be important for us. The first concerns
the symbol for the product of two operators. If C = AB
then
Cˇ (X,P ) = Aˇ (X,P ) Bˇ (X,P ) + ǫ(X,P ) . (6.5)
The second result concerns the time evolution of the op-
erator A(t) given by the Heisenberg equations of motion
Eq. (3.2). Express A(t) in terms of the position and
momentum operators x0 and p0 at t = 0. The relation
x(t) = x0+ p0t/m for a free particle is a simple example.
Construct the symbol Aˇ (t,X, P ) using eigenstates of x0
as the basis in Eq. (6.4). Construct the symbol of the
Hˇ (X,P ) of the Hamiltonian in the same way. Then, to
leading order in ~, the symbol for A obeys the classical
equation of motion.
∂Aˇ
∂t
= {Aˇ, Hˇ}+ ǫ(X,P ) (6.6)
where {· , ·} is the Poisson bracket. Explicit forms of the
corrections to Eq. (6.5) and Eq. (6.6) are given in [16].
We now employ these two results to calculate the classical
limit of Eq. (6.3).
Matrix elements of Eq. (6.3) in the basis of eigenstates
of x0 can be written
〈x′′|FˆHp|x′〉 =
∫
dy 〈x′′|e−iHT/~|y〉 〈y|F |x′〉 . (6.7)
We concentrate first on the classical limit of 〈x′′|F |x′〉
and later return to that for the whole expression
Eq. (6.7).
We begin with the time evolution of the symbols for
x and p. At t = 0, xˇ(0) = X and pˇ(0) = P . Their
time evolution to leading order in ~ is determined by the
two coupled classical equations (6.6) for xˇ(t) and pˇ(t) —
Hamilton’s equations of motion. We can therefore write
xˇ (t,X, P ) = xcl(t,X, P ) + ǫ(t,X, P ) (6.8)
9where xcl(t,X, P ) is the solution of the classical equation
of motion with initial (t = 0) position X and momentum
P . For example, the symbol for time average x¯ is
ˇ¯x(X,P ) = x¯cl(X,P ) + ǫ(X,P ) (6.9)
where x¯cl is the classical time average. Some limitation
on the size of the time T is likely to be needed to control
the size of the corrections ǫ.
More general functionals of x(t) can be treated as fol-
lows. First, solve the Heisenberg equations of motion
and express x(t) in terms of operator products of x0’s
and p0’s. Use Eq. (6.5) to show that the symbols of
these products are the product of the symbols to leading
order ~. Therefore, for any operator representative F of
the classical functional Fcl[x(t)], the classical limit of its
symbol is
Fˇ (X,P ) = Fcl[xcl(t,X, P )] + ǫ(X,P ) . (6.10)
We now use this formula to calculate the classical limit
of the matrix elements of 〈x′′|FˆHp|x′〉 defined using
Eq. (6.4).
Using Eq. (6.4b), the expression Eq. (6.7) can be writ-
ten
〈x′′|FˆHp|x′〉 = 1
2π
∫
dy
∫
dP 〈x′′|e−iHT/~|y〉
× eiP (y−x′)/~Fˇ
(
y + x′
2
, P
)
. (6.11)
The classical limit of the symbol Fˇ is given by Eq. (6.10).
The classical limit of the propagator is given by the stan-
dard result
〈x′′|e−iHT/~|y〉 ≡ K (x′′, T ; x′0)
= D−
1
2 (x′′, y) exp [iScl (x
′′, y, T ) /~] + ǫ(x′′, y) .
(6.12)
Here, Scl(x
′′, y, T ) is the action of the classical path
xcl (t, x
′′, y) (assumed unique) that starts at y at t = 0
and ends at x′′ at t = T . The slowly varying prefac-
tor D is essentially the DeWitt-van Vleck determinant.
Inserting Eq. (6.12) and Eq. (6.10) into Eq. (6.11), we
find
〈x′′|FˆHp|x′〉 = 1
2π
∫
dy
∫
dP D−
1
2 (x′′, y) Fcl
[
xcl
(
t,
y + x′
2
, P
)]
exp
{
i
~
[Scl (x
′′, y, T ) + P (y − x′)]
}
+ ǫ(x′′, x′) .
(6.13)
The rapid variation of the phase for small ~ means that
the double integral in Eq. (6.13) can be evaluated by the
method of stationary phase. The dominant contribution
comes from the (y, P ) that extremize the exponential’s
phase. The conditions for this are
y = x′ , P = −∂Scl
∂y
. (6.14)
The second of these singles out the initial momentum
P (x′′, x′, T ) necessary for the classical path to arrive at
x′′ a time T after it starts at x′. We thus find for the
leading contribution
〈x′′|FˆHp|x′〉 = Fcl [xcl (t, x′′, x′)] K (x′′, T ; x′, 0)
+ ǫ(x′′, x′) (6.15)
where xcl(t, x
′′, x′) is the classical path from x′ to x′′ in
time T .
Comparison of Eq. (6.15) with Eq. (6.2) shows that the
matrix elements of 〈x′′|FˆHp|x′〉 agree with 〈x′′|Fˆsoh|x′〉
in leading classical order. This is the agreement demon-
strated explicitly in Sections IV and V for the time aver-
age x¯ for the free particle and harmonic oscillator. The
argument in this section is a general form of that.
VII. DECOHERENCE OF SPACETIME
ALTERNATIVES IN THE CLASSICAL LIMIT
Previous sections have shown how the representations
of spacetime alternatives by sum-over-histories class op-
erators and Heisenberg picture projection operators coin-
cide in the classical limit. A general argument was given
in Section VI and Sections IV and V provided specific
examples. This section demonstrates the decoherence
of exhaustive sets of histories coarse-grained by space-
time alternatives in the same classical limit. The essence
of the argument is this: Decoherence is automatic and
exact for sets of alternatives represented by projections
[cf. Eq. (1.7)]. It is not necessarily automatic for sets
represented by sum-over-histories class operators. How-
ever, in classical limit, where the class operators coincide
with projections, sum-over-histories class operators must
decohere also.
We continue to consider the histories of a particle mov-
ing in one dimension with a Hamiltonian Eq. (3.1) be-
tween time 0 and T . To keep the discussion manageable
we restrict attention to coarse grainings by ranges of val-
ues of a functional of the paths f [x(t)] . The classical
functionals Fcl[x(t)] considered in the previous section
are a special case. The time average x¯ of Eq. (1.2) is an
example. Specifically, we consider an exhaustive set of
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exclusive ranges {∆α}, α = 1, 2, · · · and the set of alter-
native histories defined by the classes {cα} where f [x(t)]
takes values in these ranges. The class operators for the
set are defined by [cf. Eq. (1.3), Eq. (6.1)]
〈x′′|Cˆ∆|x′〉 ≡
∫
u
δx e∆(f [x(t)]) exp
(
i
~
S[x(t)]
)
. (7.1)
where we denote by ∆ any of the intervals in the set
{∆α}. This set of histories decoheres when the condition
Eq. (1.5) is satisfied.
Projection operators onto distinct ranges are exactly
orthogonal [cf. Eq. (1.7)].
P∆P∆′ = Pˆ
†
∆Pˆ∆′ = 0, ∆ 6= ∆′. (7.2)
The decoherence condition Eq. (1.5) is therefore exact
if the Cˆ’s are replaced by P ’s or Pˆ ’s. Since matrix el-
ements of Cˆ∆ coincide with those of Pˆ∆ in the ~ → 0
limit, we expect Eq. (1.5) to be satisfied in that limit as
a consequence. We now demonstrate this explicitly.
Consider
〈x|Cˆ†∆Cˆ∆′ |x′〉 =
∫
dy〈y|Cˆ∆|x〉∗〈y|Cˆ∆′ |x′〉
=
∫
dy
∫
u
δx
∫
u
δx′e∆(f [x(t)])e∆′(f [x
′(t′)])
× exp
{
i
~
(S[x′(t′)]− S[x(t)])
}
. (7.3)
The integrals are over paths x(t) and x′(t′) that start at
x and x′ respectively at t = 0 and t′ = 0 and both end
at y at t = t′ = T . In the ~ → 0 limit the rapid oscilla-
tion of the exponential means that the integrals will be
dominated by the stationary (classical) paths xcl(t, y, x)
and xcl(t, y, x
′) connecting x and x′ to y. (We suppose
unique stationary paths for simplicity.) We assume that,
as a consequence, the top-hat factors can be taken out-
side the path integrals and evaluated at the stationary
paths. Thus in the ~→ 0 limit we have
〈x|Cˆ†∆Cˆ∆′ |x′〉 ∼
∫
dy e∆(f [xcl(t, y, x)])e∆′(f [xcl(t, y, x
′)]) exp
{
i
~
(Scl(y, x
′)− Scl(y, x))
}
, (7.4)
where Scl(y, x) is the action evaluated at the classical
path with endpoints y and x.
When x = x′ The exponent in Eq. (7.4) vanishes but
so does the factor multiplying it when ∆ 6= ∆′. The rea-
son is that when x = x′ the arguments of the top-hat
functions are the same but their ranges are exclusive.
When x 6= x′ we assume that the derivative of the expo-
nent with respect to y does not vanish identically. The
Riemann-Lebesgue lemma then shows that Eq. (7.4) van-
ishes as ~→ 0. Thus for all values of x and x′ we confirm
Eq. (1.5) and the decoherence of the set of histories in
the classical limit.
The case of the histories of a free particle partitioned
by ranges of the time average postion x¯ that was worked
out in detail in Section IV provides a ready example. Us-
ing Eq. (4.9) the matrix element in Eq. (7.3) is explicitly
〈x|Cˆ†∆Cˆ∆′ |x′〉 =
∫
dy〈y|Cˆ∆|x〉∗〈y|Cˆ∆′ |x′〉 =
( m
2π~T
)
exp
[
i
~
m
2T
(x′2 − x2)
] ∫
dy exp
[
i
~
m
T
(x − x′)y
]
× E∆
(
y + x
2
,
λ√
3
)
E∆′
(
y + x′
2
,
λ√
3
)
. (7.5)
As discussed in Section IV, E∆(z, λ/
√
3)→ e∆(z) in the
limit ~ → 0 and λ becomes large. This allows E’s to
be replaced by e’s in Eq. (7.5) evaluated at the classical
path. For a classical path moving between x and y in a
time T , x¯ = (y + x)/2. This shows the argument of the
e’s in Eq. (7.4) is just that of the argument of the E’s in
Eq. (7.5). Thus the form Eq. (7.4) is recovered explicitly
from Eq. (7.5).
VIII. CONCLUSION
The lesson of both the special and general theories of
relativity is that four-dimensional spacetime is the most
general arena for physics on scales well above the Planck
scale of quantum gravity. Correspondingly quantum the-
ory is formulated most generally in four dimensional form
in terms of sets of histories of spacetime alternatives that
are extended in time, their decoherence, and their prob-
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abilities. This paper has explored the classical (~ → 0)
limit of quantum operators representing spacetime alter-
natives in the context of non-relativistic quantum theory.
A given classical spacetime alternative may have many
different representations in terms of quantum operators.
We considered two kinds: (1) Class operators defined
by sums over the classical histories of the alternative,
and (2) projection operators on ranges of the Heisenberg
picture operators. In Sections VI and VII we gave a
general argument based on microlocal analysis for why
the class operators for a set of exclusive alternatives de-
cohere in the classical limit and why the predictions of
both kinds of representations coincide in that limit. Our
results were formal because we did not provide general
estimates for the corrections to decoherence and the dif-
ferences in probabilities for small ~. However, we ana-
lyzed these corrections explicitly for a particular alterna-
tive in particular tractable model systems in Sections III
and IV. Specifically we considered the average of posi-
tion over a time interval x as a simple spacetime alterna-
tive for the free particle and harmonic oscillator in one-
dimension. We showed by explicit calculation how class
operators and projections have differing matrix elements
in general, but also how those coincide in the classical
limit. These results show explicitly how class operators
and corresponding projection operators can be different
operator representations of the same classical spacetime
alternative.
Acknowledgments
We thank R. Omne`s for a critical reading of the
manuscript. This work was supported in part by NSF
grant PHY02-44764. The work of AB was supported by
the Frank H. and Eva B. Buck Foundation.
[1] R. Haag, Local Quantum Physics, Springer, Berlin
(1996).
[2] J.B. Hartle, Spacetime Quantum Mechanics and the
Quantum Mechanics of Spacetime in Gravitation and
Quantizations, Proceedings of the 1992 Les Houches
Summer School, edited by B. Julia and J. Zinn-Justin,
Les Houches Summer School Proceedings Vol. LVII
(North Holland, Amsterdam, 1995); gr-qc/9304006.
[3] N. Bohr and L. Rosenfeld, Det Kgl. Danske Vidensk.
Selskab Mat.-Fys. Medd., 12, nr. 8, 1933. [translated
as The Measurability of the Electromagnetic Field in
J.A. Wheeler and W.H. Zurek, eds Quantum Theory
of Measurement, Princeton University Press, Princeton
(1983)].
[4] N. Bohr and L. Rosenfeld, Field and Charge Measure-
ments in Quantum Electrodynamics, Phys. Rev. 78, 794
(1950).
[5] R.P. Feynman, Space-time Approach to Non-Relativistic
Quantum Mechanics, Rev. Mod. Phys. 20, 267 (1948).
[6] B. DeWitt, The Quantization of Geometry in Gravitation
an Introduction to Current Research, ed. by L. Witten,
John Wiley, New York (1962).
[7] M.B. Menskii, Continuous Quantum Measurements and
Path Integrals, IOP Publishing, Bristol (1993); Quan-
tum Measurements and Decoherence: Models and Phe-
nomenology, Kluwer, Dordrecht (2000).
[8] J.B. Hartle, Spacetime Coarse Grainings in Non-
Relativistic Quantum Mechanics, Phys. Rev. D 44, 3173
(1991).
[9] N. Yamada and S. Takagi,Quantum Mechanical Probabil-
ities on a General Spacetime Surface, Prog. Theor. Phys.
85, 985 (1991); Quantum Mechanical Probabilities on
a General Spacetime Surface II., ibid 86, 599 (1991);
Spacetime Probabilities in Non-Relativistic Quantum Me-
chanics, ibid 87, 77 (1992).
[10] R. Sorkin, Impossible Measurements of Quantum Fields
in Directions in Relativity, vol 2, Papers in Honor of Di-
eter Brill, edited by B.-L. Hu and T. Jacobson (Cambidge
University Press, Cambridge,1993).
[11] D. Marolf, Models of Particle Detection in Regions of
Spacetime, Phys. Rev. A, 50, 939, 1994; gr-qc/9307003
[12] J. Halliwell, The Interpretation of Quantum Cosmol-
ogy and the Problem of Time, in The Future of The-
oretical Physics and Cosmology, ed. by G.W. Gibbons,
E.P.S Shellard, and S.J. Rankin, Cambridge Univer-
sity Press, Cambridge, 2003, gr-qc/0208018, and De-
coherent Histories and Spacetime Domains, in Time
and Quantum Mechanics, ed. by J.G.Muga, R. Sala
Mayato and I.L.Egusquiza, Springer, Berlin, 2001,
quant-ph/0101099.
[13] J. B. Hartle, Linear Postivity and Virtual Probability,
Phys. Rev. A, 70, 022104 (2004), quant-ph/0401108.
[14] See, e.g. R.P. Feynman and A. Hibbs, Quantum Mechan-
ics and Path Integrals, McGraw-Hill, New York (1965).
[15] See, e.g. J.E. Marsden and M.J. Hoffman, Basic Complex
Analysis, W.H. Freeman, New York (1999).
[16] R. Omne`s, Interpretation of Quantum Mechanics,
Princeton University Press, Princeton (1994), Quantum-
Classical Correspondence Using Projection Operators, J.
Math. Phys. 38, 697 (1997).
